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Two constructions of grading-restricted 
vertex (super)algebras 
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Abstract 

We give two constructions of grading-restricted vertex (super)algebras. We first 
give a new construction of a class of grading-restricted vertex (super) algebras originally 
obtained by Meurman and Prime using a different method. This construction is based 
on a new definition of vertex operators and a new method. Our second construction is 
a generalization of the author’s construction of the moonshine module vertex operator 
algebra and a related vertex operator superalgebra. This construction needs properties 
of intertwining operators formulated and proved by the author. 


1 Introduction 

Vertex operator (super)algebras are algebraic structures formed by meromorphic fields in 
two-dimensional (super)conformal field theories. Based on this connection, a program to 
construct two-dimensional (super)conformal held theories using the representation theory of 
vertex operator (super)algebras has been successfully carried out during the past 25 years, 
though there are still many open problems to be solved. For a nontechnical brief description 
of this program, see the author’s blog article IHs]. The construction of vertex operator 
algebras is a prerequisite for this program. 

A vertex operator (super)algebra is a grading-restricted vertex (super)algebra equipped 
with a conformal element. In this paper, we are interested only in the construction of vertex 
operators, not the construction of conformal elements. Thus we shall restrict our attention 
to grading-restricted vertex (super)algebras instead of vertex operator (super)algebras. 

The existing constructions of grading-restricted vertex (super)algebras can mostly be 
divided into three types. The hrst type includes the constructions of grading-restricted vertex 
(super)algebras associated to the Heisenberg algebras, Clifford algebras and lattices (see 
|FLM] and |FFR] ). These constructions are based on explicit formulas for vertex operators. 
The second type includes the constructions of the grading-restricted vertex (super)algebras 
associated to the Virasoro algebra, affine Lie algebras and super conformal algebras (see 
[FZ] . [TTW] and 0). These constructions are based on a definition of vertex operators using 
generating fields and the residue of xi of the Jacobi identity for vertex (super)algebras. The 
third type is the so-called orbifold construction, including the constructions of the moonshine 
module vertex operator algebra and a related vertex operator superalgebra (see jFLM] . 
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[DUM] [HI] and El). These constructions are based on suitable intertwining operators 
among fixed-point vertex operator subalgebras and modules for the subalgebras. 

In this paper, we first give a new construction of a class of grading-restricted vertex 
(super)algebras. Our construction is based on a new definition of vertex operators using 
the rational functions obtained from the products of generating fields. This definition is 
motivated by the associativity for vertex operators. Our construction is also based on a new 
method. A uniqueness result shows that the class of grading-restricted vertex algebras given 
by this construction is the same as the class given by Meurman and Prime |MPj using a 
different construction of the second type. 

We also give in this paper a generalization of the author’s construction in El of the 
moonshine module vertex operator algebra. Given a grading-restricted vertex algebra equipped 
with a compatible s[(2, C) action (called quasi-vertex operator algebra in |FHL] ) and a non¬ 
degenerate symmetric invariant bilinear form and a module equipped with similar additional 
structures satisfying certain conditions, we construct a quasi-vertex operator algebra or su¬ 
peralgebra structure on the direct sum of the algebra and the module using suitable inter¬ 
twining operators. Examples of such quasi-vertex operator algebras or superalgebras include, 
as mentioned above, the moonshine module vertex operator algebra and a related vertex op¬ 
erator superalgebra. The vertex operator superalgebras associated to the Moore-Read states 
[MR] in the study of quantum Hall states can also be obtained using this construction. 

In addition to being useful for obtaining examples of grading-restricted vertex (super)algebras, 
quasi-vertex operator (super)algebras and vertex operator (super)algebras, these two con¬ 
structions provide new methods in the study of these algebras and their representations. For 
example, the author’s cohomology theory for grading-restricted vertex algebras [He] and [H7] 
are constructed and developed based on the rational functions of the products and iterates 
of vertex operators and operators corresponding to cochains. Our first construction will be 
useful in the study of this cohomology theory for those algebras that can be constructed in 
this way. The (logarithmic) tensor category theory for module categories for vertex operator 
algebras (or more generally for quasi-vertex operator algebras or Mobius vertex algebras) 
is based on (logarithmic) intertwining operators (see the expositions |HL] and [HLZ] and 
the references in these papers for details on this theory). Our second construction uses 
intertwining operators and is indeed closely related to the tensor category theory. The sec¬ 
ond construction can be generalized to more complicated orbifold constructions and these 
generalizations will be studied in future publications. 

In the present paper, instead of the formal variable approach, we use the complex analysis 
approach. Although we do use residues, our method depends mainly on the method of 
analytic extensions and the properties of rational functions of the special type appearing in 
the theory of vertex operator algebras. The advantage of our analytic approach is that every 
definition or proof has a geometric meaning. The geometric meaning is not logically needed 
in this paper and in many papers studying vertex operator algebras. But it often provides 
ideas and motivations for many constructions and proofs. One important example is the 
cohomology theory for grading-restricted vertex algebras Eg EH mentioned above and the 
author’s ongoing study of the representation theory of vertex operator algebras using this 
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cohomology theory. The geometric insights play a crucial role in obtaining new results and 
developing new methods in this theory. 

The present paper is organized as follows: In the next section, we recall the dehnitions of 
grading-restricted vertex (super)algebra, module and intertwining operator and some other 
useful notions. In Sections 3 and 4, we give our hrst and second constructions, respectively. 


2 Grading-restricted vertex (super)algebras 

In this section, we recall the dehnitions of grading-restricted vertex (super)algebra, module 
and intertwining operator. We also recall some other notions, including the notions of quasi¬ 
vertex operator (super)algebra, conformal element, vertex operator (super)algebra, fusion 
rule and nondegenerate symmetric invariant bilinear form. Except for conformal elements 
and vertex operator algebras, these are all needed in our constructions. 

For a Z-graded vector space V = Y[n&^(n)i usual, we denote its graded dual space 
llnGZ ^(n) algebraic completion Hnez ^(n) by V. On V and V\ we use the 

topology given by the dual pair {y,V'). In the case that dimV(„) < cx) for n G Z, we 
use the topology on V = (W)* given by the dual pair {y\V). We give a topology to the 
space Hom(l/®”, V) by identifying it with a subspace of the dual space of 0 V and 
then using the topology induced from the dual pair of this subspace and 0 V. More 
specihcally, a sequence (or more generally a net) {/„} in Hom(l/0- • - 01/, V) is convergent to 
/ G Hom(V0 - • - 0 V, V) if for ui,..., Un G V and v' G W, (v', /n(ui0 • • •0Un)) is convergent 
to (v', f(vi 0 • • • 0 Vn)}- In particular, analytic maps from a region in C to Hom(l/®'^, V) 
make sense. For a C-graded vector space, we use the same notations and topologies. 

We give the dehnition of grading-restricted vertex (super)algebra hrst. 

Definition 2.1. A grading-restricted vertex superalgebra is a ^-graded vector space V = 
Unef b)n) = where V° = Unezb"©) and V^n), equipped with an 

analytic map 


Yv:C^ Hom(y0y,y), 

2 ; I—)■ Yv{-,z)-■. u®v \-^Yv{u,z)v 

called vertex operator map and a vacuum 1 G V(o) satisfying the following axioms: 

1. Axioms for the grading: (a) Grading-restriction condition-. When n is sufficiently 
negative, V(„) = 0 and dimV(jj) < cx) for n G f. (b) L(0)-bracket formula: Let 
Ly(0) : y —)■ y be dehned by Ly(0)u = nv for v G Then 

[Ly(0), Yv{v, ;2)] = ^/v{v, z) + Yv{Lv{0)v, z) 


for u G y. 
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2. Axioms for the vacuum: (a) Identity property. Let ly be the identity operator on V. 
Then 1^(1)-2^) = ly- (b) Creation property. For u eV, Imiz^QYviu, z)l exists and is 
equal to u. 

3. L{—1) -derivative property. Let Ly(—1) : 1/ —)■ 1/ be the operator given by 

d 

Lv{—l)v = lim —lV(n, z)l 
2^0 az 

for V E V. Then for v E V, 

■^Yv{v,z) =Yv{Lv{-l)v,z) = [Lv{-l),Yv{v,z)]. 

4. Duality. For ui E ^ v E V where |ni|, \u 2 \ are 0 or 1, v' E V', the 

series 


{v', Yv{Ui, Zi)Yv{u2, Z2)v), 
(-l)l“ill“"l(^^', Yv{u2, Z2)Yv{ui, Zi)v), 
{v', Yv{Yv{ui, Zi - Z2)U2, Z2)v) 


are absolutely convergent in the regions \zi\ > \z 2 \ > 0, \z 2 \ > \zi\ > 0, \z 2 \ > \zi — Z 2 \ > 
0, respectively, to a common rational function in zi and Z 2 with the only possible poles 
at zi, ^2 = 0 and zi = Z 2 . 

In the case that = 0, the grading-restricted vertex superalgebra just dehned is called a 
grading-restricted vertex algebra. 

We denote the grading-restricted vertex (super)algebra just dehned by (I/,1V,1) or by 
V. Note that in the dehnition above, we use the duality instead of the Jacobi identity or 
weak commutativity as the main axiom. 

Although we are mainly interested in grading-restricted vertex (super)algebras in this 
paper, in our second construction, we need an operator Lv'(l) acting on the algebra V such 
that together with Ly (0) and Ly(—1), it gives an action of the Lie algebra s[(2, C) on V and 
satishes the usual bracket formula between the basis of 51(2, C) and vertex operators. Also 
our main examples all have conformal elements. Because of these reasons, we also recall the 
dehnitions of quasi-vertex operator (super)algebra, conformal element and vertex operator 
(super)algebra from [FHL] . 

Definition 2.2. A guasi-vertex operator (super)algebra is a grading-restricted vertex (su- 
per)algebra {V,Yv, 1) together with an operator Ly(l) of weight 1 on V satisfying 

[Ly(-l),Ly(l)] = -2Ly(0), 

[Lv{l),Yv{v,z)] = Yv{Lv{l)v,z)+ 2zYv{Lv{0)v,z) + z‘^YviLvi-l)v,z) 

for V E V. 
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We denote the quasi-vertex operator (super)algebra just defined by {V^Yy^l^LviX)) or 
simply by V. 

Definition 2.3. Let (V, Vy, 1) be a grading-restricted vertex (super)algebra. A conformal 
element of V is an element u E V satisfying the following axioms: 

1. There exists c G C such that Y{u, z)u expanded as a id-valued Laurent series is equal 
to Ly{—l)LJz~^ -|- 2uz~'^ -|- ^lz~‘^ plus a id-valued power series in z. 

2. Ly{—1) = ReSzYy{u, z) and Ly{0) = ReSzzYy{oj,z) (Res^ being the operation of 
taking the coefficient of z~^ of a Laurent series). 

A grading-restricted vertex (super)algebra equipped with a conformal element is called a 
vertex operator (super)algebra (or, more consistently, grading-restricted conformal vertex (su¬ 
per) algebra). 

We denote the vertex operator (super)algebra just defined by (id, Yy, l,a;) or simply by 

id. 

Remark 2.4. The absolute convergence of 

(v) Yy{ui, Zi)Yy{u2, Z2)v) 

and 

{v', Yy{Yy{ui, Zi - Z2)U2, Z2)v) 

to rational functions in the regions \zi\ > 1 ^ 2 1 > 0 and \z 2 \ > \zi — Z 2 \ >0, respectively, 
in Definition 12.11 are called the rationality of the products and the rationality of the iterates, 
respectively. The statement that 

{v', Yy{ui, Zi)Yy{u2, Z2)v) 

and 

converges in the regions \zi\ > \z 2 \ > 0 and \z 2 \ > \zi\ > 0, respectively, to a common 
rational function is called the commutativity. The statement that 

{v', Yy{ui, Zi)Yy{u2, Z2)v) 

and 

{v', Yy(Yy{ui, Zi - Z2)U2, Z2)v) 

converges in the regions l^il > \z 2 \ > 0 and \z 2 \ > \zi — Z 2 \ >0, respectively, to a common 
rational function is called the associativity. In fact, with all the other properties still hold, 
it is easy to show that the commutativity is equivalent to the skew-symmetry. For u G ldl“l 
and V G 

Yy{u,z)v = (-l)l“ll’'le"^^(-l)yV(^^,-^)w• 

In particular, we can replace the duality in Definition 12.11 by the rationality of the products 
and iterates, the associativity and the skew-symmetry. We shall need this fact below. 
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Next we give the definition of module for a grading-restricted vertex (super)algebra. 

Definition 2.5. Let y be a grading-restricted vertex superalgebra. A V-module is a C x Z 2 - 
graded vector space 

^ = II ^(n) = II ^(n) = e W"' 

n£C,Q:GZ2 nGC 

(where W(n) = iy°„) © and equipped with a vertex 

operator map 


Yw:C^ B.om{V®W,W), 

z !-)■ Yw{--,z)-u® w ^Yw{u,z)w 

satisfying the following axioms: 


1. Axioms for the gradings: (a) Grading-restriction condition-. When the real part of n is 
sufficiently negative, hL(„) = 0 and dimiy(„) < cx) for n G C. (b) L(0)-bracket formula-. 
Let Lvc(O) : y —)■ y be defined by Lvc(0)n = nv for v G !©(„). Then 

[LwiO),Yw{v, z)] = z) + YwiLv{0)v, z) 

for V E V. (c) Grading compatibility-. For a, jd E Z 2 , u E and w G W^, Ywiu, z)w G 
W^. 


2. Identity property-. Let be the identity operator on W. Then Yw{l,z) = l^y. 


3. L{—1)-derivative property: There exists Lw{—I) : W ^ W such that for u E V, 


-—Yw{u, z) — Yw{Lv{—l)u, z) — 
dz 


[Lw{—I),Y]v{u, z) . 


4. Duality: For Ui E yhd^ U 2 E yh 2 l^ and w E W where |mi|, \u 2 \ are 0 or 1, w' E IT', 
the series 


{w’, Yw{ui, Zi)Yw{u2, Z2)w), 

(-l)l“ill“2l(w', Ywiu2, Z2)YwiUi, zi)w), 

{w’, Yw(Yv{ui, Zi - Z2)U2, Z2)w) 

are absolutely convergent in the regions \zi\ > \z 2 \ > 0, \z 2 \ > \zi\ > 0, |x 2 | > l^^i —X 2 I > 
0, respectively, to a common rational function in zi and Z 2 with the only possible poles 
at ^ 1 , X 2 = 0 and zi = Z 2 . 


When y is a grading-restricted vertex algebra, a V-module is a y-module W with = 0 
when y is viewed as a grading-restricted vertex superalgebra. When y is a vertex operator 
(super)algebra, a V-module is a y-module when V is viewed as a grading-restricted vertex 
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(super)algebra. When 1/ is a quasi-vertex operator (super)algebra, a V-module is a Wmodule 
W when V is viewed as a grading-restricted vertex (super)algebra together with an operator 
Liy( 1 ) of weight 1 on hh satisfying 

[Lw{—^),Lw{X)\ = —2Liy(0), 

[Lw{^)iYw{v^z)\ = Yw{Lv{l)v,z)-\-2zYw{Lv{^)v,z)-\-z^Yw{Lv{—l)v,z) 
for V E V. 

We denote the Wmodule just dehned by (W, Y^) or simply by W. In the case that F is a 
quasi-vertex operator (super)algebra, we denote the Wmodule just dehned by (W, IV, Lw{l)) 
or simply by W. 

Remark 2.6. In Dehnition 12.51 as in Dehnition 12.11 we can also separate the rationality of 
products and iterates, the commutativity and the associativity (see Remark I2.4p . In fact, 
for modules, it is easy to see that the commutativity is a consequence of the rationality, the 
associativity and the skew-symmetry for V. Since the skew-symmetry for V always holds, 
the duality in Dehnition 12.51 can be replaced by the rationality and the associativity. 

We also need the important notion of intertwining operator. We could dehne an inter¬ 
twining operator to be an analytic map from to a suitable space of linear maps. But 
in general it is not single valued and we need to choose a preferred branch. Because of this 
complication, we shall dehne an intertwining operator as usual to be a linear map to a space 
of formal series with complex powers. After the dehnition, we shall explain how to choose 
a special branch of the intertwining operator to obtain an analytic map from to the 
corresponding space of linear maps. These maps are what we shall use in this paper. 

Definition 2.7. Let R be a grading-restricted vertex superalgebra (a grading-restricted 
vertex algebra being a special case) and Wi,W 2 ,W 3 R-modules. An intertwining operator 
of type is a linear map 

y:Wi0W2 -E Wsix} 

Wi®W2 y{wi,x)w2 

(where iLsjx} is the space of formal series of the form Xlngc for a„ G W 3 and x is a 
formal variable) satisfying the following axioms: 

1. L{0)-bracket formula: For Wi G VFi, 

Lw3{0)y{wi,x) -y{wi,x)Lw2{0) = -^y{wi,x)+ Yw{Lwi{0)wi,x). 


2. L{—1)-derivative property: For wi G VFi, 


d 

dx 


y{wi,x) = Yw{Lwi{-l)wi,x) 


Lw3{-l)y{wi,x) - y{wi,x)Lw2{-^)- 
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3. Duality with vertex operators: For u G Wi G and W 2 E W where 1^1, 

are 0 or 1, G hFg, for any single-valued branch l{z 2 ) of the logarithm of Z 2 in the 
region -22 7 ^ 0, 0 < arg Z 2 < 27r, the series 


{w'^, Ywsiu, Zi)y{wi,X2)w2) 

X2)Yw^iu, Zi)w2) 
{w'^,y{Ywi{u,Zi - Z 2 )WI,X 2 )W 2 ) 


x"=e"*("^2),nGC’ 


a;"=e"*(^2),nGC 


,nSC 


are absolutely convergent in the regions \zi\ > \z 2 \ > 0, \z 2 \ > \zi\ > 0, | 2 ; 2 | > 
\zi — Z 2 \ > 0, respectively, to a common analytic function in zi and 2:2 and can be 
analytically extended to a multivalued analytic functions with the only possible poles 
2:1 = 0 and zi = Z 2 and the only possible branch point Z 2 = 0. 


When y is a quasi-vertex operator superalgebra (a quasi-vertex operator superalgebra being 
a special case) and ld^i,hF 2 ,hF 3 are Id-modules, an intertwining operator of type is 

an intertwining operator 3^ of the same type in the sense above satisfying in addition the 
following condition: 

4. L{1)-bracket formula: For wi G fFi, 

Lw 3 {l)y{wi, z) - y{wi,z)Lw 2 {^) 

= y{Lwi{i)wi, z) + 2 zy{LwA^)^i^ + z^y{LwA-^)^i^^)- 


The dimension of the space of all intertwining operators of type is called the fusion 

rule of type and is denoted by 

We shall need later a formula equivalent to the L(0)-bracket formula called L{0)-conjugation 
formula for an intertwining operator y-. For a G C, 


For ;2 G C^, let log 2 : = log \z\ iaxgz, where 0 < arg ;2 < 27r. Let y be an intertwining 
operator of type Then for 2 ; G C^, tci G IFi and W 2 G hF 2 , we use y{wi, z)w 2 to 


denote y{wi,x)w 2 


a;"=e’*l°s^,neC 


In particular, we have a map from to Hom(IFi 0 lT 2 , W 3 ) 


given by 2 : H-)■ y(wi, z)w 2 - Using this notation, the three expressions in the duality axiom 
for intertwining operators can be written as 


{w's, Yw^iu, Zi)y{Wi, Z2)W2), 

(-l)l“ll"'ilM, y{u)l, Z2)Yw2{u, Zi)w 2 ), 

{w'^,y{Ywi{u, Zi - Z2)WI,Z2)W2). 

We shall always use this notation in this paper. 

Finally we define nondegenerate symmetric invariant bilinear forms on modules for a 
quasi-vertex operator algebra. 



Definition 2.8. Let V he a quasi-vertex operator algebra and W a F-module. A nondegen¬ 
erate symmetric invariant bilinear form on W is a nondegenerate symmetric bilinear form 
(•, ■)]y : VL (g) VL C on W such that for m,n E C, m ^ n, Wi E fL(m) and W 2 E fL(n), 
{wi, W2)w = 0 and for v E V, Wi,W 2 E W, 

{wi, Lw{^)w2)w = {Lw{—^)u’i,W2)w, 

{wi,Yw{v,z)w2)w = 

In particular, a nondegenerate symmetric invariant bilinear form on V is defined to be a 
nondegenerate symmetric invariant bilinear form on V when V is viewed as a Id-module. 


3 The first construction 

In this section, we give our first construction of grading-restricted vertex (super)algebras. 
By a uniqueness result, our construction gives the same class of grading-restricted vertex 
algebras as in [MP] . What is new in this section is the construction, including a new formula 
for the vertex operator map and a new method. As mentioned in the introduction, we 
use the complex analysis approach. But since in this section, we work only with rational 
functions, the results and the proofs in this section still work for grading-restricted vertex 
(super)algebras over any field of characteristic 0. 

Let V = U^gZ be a |-graded vector space such that V(n) = 0 for n sufficiently negative 

and dim V(„) < 00 for n G |. Since dimV(„) < cxo for n G f , we have V = {V')*. Elements of 
V(„) is said to have weight n. Elements of = U„gg V(„) are said to be even and elements 
of V(n) are said to be odd. Let Lv{0) : V ^ V be the operator defined by the 

grading on V, that is, by Ly{ 0 )v = nv for v E V(„). Then for a G C, the operator on 

V defined by for v E V(„) has a natural extension to V. Eor n E X, we use 

7r„ to denote the projection from E or E to V(„). 

An operator O on V satisfying [Ly(0),O] = nO is said to have weight n. Similarly for 
operators on the graded dual V of V. 

Lemma 3.1. Let 0 be an analytic map from to Hom(l/,E). If there exists wt 0 G Z 
such that 

[Ly(O), 0 ( 2 :)] = + (wt 0)0(2:), 

then we have a Laurent expansion (j){z) = where for n E h, (fn ^ Hom(V, V) 

is homogeneous of weight wt 0 — n — 1. Moreover, for v E V, (j){z)v as a Laurent series in z 
has only finitely many negative power terms and for v' G V, {v', (j){z)-) as a Laurent series 
with coefficients in V has only finitely many positive powers of z. 

Proof. From the bracket formula for LyfY) and 0 ( 2 :), we obtain that for a E C, 

gaLv(O)0(^)g-aLv(O) ^ ga(wt 
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In particular, taking a such that e““ = z, we have (j){z) = <t>)^-o-^vio)(pi^i'j^aLvio)_ pet 

: 1/ — )■ 1/ be dehned by (j)nV = 7r(„t rf>)-n-i+m(f>{^)'v for v G V(m)- Then is of weight 
wt 0 —n —1 and 'Yhn&^ri = 0(1)- Moreover, ^ for n G Z 

and V eV . Thus 




g«(wt 0)g-aLv(O)^j']^^gaLv'(O)y 
g«(wt 0)g-aLv(O)^^gaLv(O) 


i; 


'^(pnVZ 

n^Tj 


for V E V. 

Since V(„) = 0 for n sufficiently negative and the weight of is wt 0 — n — 1, for v E V, 
(j){z)v has only hnitely many negative power terms and for v' E V\ {v\ (f){z)-) as a Laurent 
series with coefficients in V has only hnitely many positive powers of 2 ;. ■ 

Let 0* for z G / be analytic maps from to Hom(l/, V) and let 1 G V(o). Assume that 
V, 0* for i G / and 1 G V(o) satisfy the following conditions: 

1. For i E I, there exists wt 0* G Z such that [Lv'(O), (p^z)] = z^(j)\z) + (wt 0*)0*(2:). 

2. There exists an operator Lv'(—1) on V such that Ly(—1)1 = 0 and [Ly(—1), <j)\z)\ = 
A0*(2;) for i E I. 

3. The limits lim^^o 0*(2^)1 for i ^ I exist (the limits can be taken in the topology of V, 

but by Lemma 13.11 above, the existence of these limits mean that the expansions of 

0*(2;) have only nonnegative powers). These elements are either in or V^. We dehne 

10*1 = 0 if 0!_il = lim^^o0*(^)l £ and |0*| = 1 if 0*_;^1 = lim^^o </>*(^)l ^ 

4. The vector space V is spanned by elements of the form 0^^ • • • 0(fj,l for ii,... ,ik E I 
and Tj-i,..., TZfc G Z. 

5. For v' E W, V E V and A,..., 4 G /, the series (fo, (f)^^{zi) ■ ■ ■ (f>^'^{zk)v) (in fact a Lau¬ 
rent series in 2 : 1 ,..., 2 ;^ with complex coefficients by Lemma [3.ip is absolutely conver¬ 
gent in the region | 2 :i| > • • • > \zk\ > 0 to a rational function R{{v', 0 *^( 2 ;i) • • • 0*'=(zfc)n)) 
in 2 : 1 ,..., 2 ;^ with the only possible poles at Zj = 0 for z = 1 ,..., A: and Zj = zi for j 7 ^ 1. 
In addition, the order of the pole Zj = zi is independent of 0*" for n ^ j, I, v and v' 
and the order of the pole Zj = 0 is independent of 0 *" for n ^ j and v'. 

6. For V eV, v' E V', ii, 4 G I, 

i?((fo,0**(zi)0*^(z2)r')) = (-l)l'^“^ll‘^“^l/?((fo,0'^(z2)0‘H^i)^))- 

Proposition 3.2. The space V, the maps 0* for i E I, Ly(—1) and 1 have the following 
properties: 
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7. For a G C and i E I, ^■^vio) _ ga(wt F)(jf 2 :). 

k 

8. Lv{-l)(j)tl^ ■ ■ ■ Cl • • • C“_\(-%C^-i)CC ■ ■ ■ 

i=i 

5. For a E C, z E satisfying |z| > |a| and i E I, (l)'^{z)e~^^^^~^'> = (j)\z + a) . 

10. The operator Ly(—1) has weight 1 and its adjoint Lv'(—1)' as an operator on V has 

weight —1 (the weight of an operator on V' is defined in the same way as that of an 
operator on V). In particular, v' E V for z E C and v' E V. 

11. For V eV , v' eV and a E Sk, 

R{{v', C(^i) • • • (l>"^{zk)v)) = ±R{{vj 

where the sign ± is uniguely determined by a and ..., (here we omit its 

explicit but complicated formula that can be calculated easily for special cases using 
Condition 6). 

Proof. These properties follow immediately from Conditions 1-6. ■ 

For N E Z+, (zi — Zj)^ is a polynomial in zi and Z 2 . We shall use {zi — (j){zi)(j){zj) to 

denote the Laurent series obtained by multiplying the polynomial {zi — Zj)^*^ to the Laurent 
series (f){zi)(j){zj). We warn the reader that, unless otherwise stated, {zi — <f>{zi)(f>{zj) 

is not the Laurent series obtained by multiplying the complex number [zi — Zj)^*^ to the 
Laurent series 0(2;i)0(zj). 

Proposition 3.3. Let V = U^gZ V(„) be a —graded vector space, cjL for i E I analytic maps 

from to HomCF, P), Ly(—1) an operator on V and 1 E V(o). Assume that they satisfy 
Conditions 1-f. Then Conditions 5 and 6 are eguivalent to the following weak commutativity: 

12. For i,j E I, there exists Nij E such that 

C - Z2f-<f\z,)<jA{z2) = {Zi - (3.1) 

In particular, when Conditions l-f Property 12 holds, properties 7-11 also hold. 

Proof. It is clear that Conditions 5 and 6 imply Property 12. 

Now we assume that Property 12 holds. Consider the Laurent series 

JJ (zp - • • •C(^fc)^)- (3-2) 

l<p<g<A: 

For 1 < / < A;, using fl3.1l) . the Laurent series (13.21) is equal to 

JJ {Zp - Zg)^'p^‘i {v', (j)^^ (zi) ■ • • ■ ■(f'^{zk)(f''{zi)v). (3.3) 

l^p<q^k 
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By Lemma [3.11 fl3.3p has only finitely many negative power terms in zi. So the same is true 
for fl3.2p . On the other hand, using fl3.ll) again, fl3.2p is equal to 


JJ {Zp - {v', (j)^‘{zi)(j)^^{zi) ■ ■ ■ (j)^‘-^{zi_i)(p^‘+^{zi+i) ■ ■ ■ {Zk)v). (3.4) 

l<p<g'</c 

By Lemma 130] again. fl3.4p has only finitely many positive power terms in zi. So the same is 
true for fl3.2p . Thus fl3.2p must be a Laurent polynomial in zi. Since this is true for 1 < I < k, 
fl3.2p is a Laurent polynomial in zi,..., Zk- 

For fixed 1 < p < q < k, the expansion coefficients of 

{v', (j){zi) ■ ■ ■ (j){zk)v) (3.5) 


as Laurent series in zi for I ^ p,q are of the form 


¥, 4>n, ■ ■ ■ «>) 


(3.6) 


for ni ^ Z, I ^ p, q. Clearly fl3.6p contains only finitely many negative powers in Zq and 
finitely many positive powers in Zp. But we have shown that when multiplied by {zp — Zq)^p‘^, 
it becomes a Laurent polynomial. Thus 03.61) must be the product of a Laurent polynomial 
in Zp and Zg and the expansion of {zp — Zq)~^p'> as a Laurent series in nonnegative powers of 
Zq, or equivalently, in the region \zp\ > \zq\ >0. Since p and q are arbitrary, we see that 03.51) 
is equal to the product of a Laurent polynomial and the expansion of Y\i<p<q<ki^p ~ Zq)~^p‘^ 
in the region \zi\ > ■ ■ ■ > \zk\ > 0. This is Condition 5. Condition 6 follows immediately 
from Condition 5 in the case k = 2 and 03.11) . ■ 


We now define a vertex operator map. We first give the motivation of this definition. 
The vertex operator map we want to define is a map 

yV:C^ ^ Hom(C(g)C,F), 

z I—)■ Yv{-,z)-■. u®v ^Yv{u,z)v. 

We define lV(0Lil,z)r> = <jf{z)v for i G / and v eV. The vertex operator map should 
satisfy the rationality and associativity property. In particular, we should have 

R{{v', Yvicj^^^i^i) • • • z)v)) = R{{v', FHF + ^) • • • FHa + z)v)) 

ioT ii,... ,ik E I, V E V and v' E V. 

Motivated by this associativity formula, we define the vertex operator map as follows: 
For v' G V, V eV , i\,... ,ik E I, m\,..., rrik E TL, we define Yy by 

= Res^,=o • • ■ Resj,=oer ''' FHF + F • • • + z)v)). (3.7) 

Note that for a meromorphic function /((^), Res^=o/(0 means expanding /(^) as a Laurent 
series in 0 < |^| < r for r sufficiently small so that no other poles are in this disk and then 
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taking the coefficient of We can also expand f{^) as a Laurent series in a different region. 
In general, the coefficient of in this Laurent series might be different from Res^=o/(0- 
Also note that the order to take these residues is important. Different orders in general give 
vertex operators for different elements. 

Since V = iV')*, for hxed v E V, the formula above indeed gives an element 

Since there might be relations among elements of the form 0^^ • • • fi^st have to 

show that the dehnition above indeed gives a well-defined map from to Hom(I/ 0 V, D). 
Let 0° be the map from to Hom(I/, D) given by 4>^{z) = ly. Let wt (p^ = 0. Then 
Conditions 1 to 6 and Properties 7 to 12 above still hold for (p'', i E I = I U {0}. Then any 
relation among such elements can always be written as 



= 0 


for some i^j E I and G Z, p = 1,..., g, j = 1,..., A:. 


Lemma 3.4. If 




P=1 


P aP 

P - - - 0 '"pi = 0, 


then 


^ ApRes^i=o • ■ ■ Res^fc=oC' ■ • ■ (6 + z) ■ • • 0*H^fc + z)v)) = 0 

p=i 


for V E V and v' E V. 

Proof. By Condition 4, we can take v to be of the form (pP^ ■ ■ -(pilfl. Moreover, in this 
case. 


R{{V\ 0*1 ( 2 : 1 ) ■ • • 0*fc(^fc)0{\ • • • 0^*^1)) 

= Resc,=o ■ ■ • Reso=oCr ''' QR{{v\ • • • 0*'(;..)0^*(Ci) • • • 


Then 

Res^i=o ■ • ■ Res^j^=oCr ' (p"HCi + z) ■ ■ ■ 0*fc(^fc -7 z)v)) 

= Res^,=o ■ ■ ■ Res^,=oCf ■ • • C'Resc,=o ■ ■ ■ Res^,=oCr ''' C* ' 

■R{{v', 0*?(6 + ;^) • • • 0*^(a + z)r{Ci) ■ ■ • 

= n ■.. Resj..„er‘ ■ • • C'Resc..„ ■ ■ • ReSi,.„Cr‘ ■ ■ ■ C ' 

r=l 5=1 

■R{{v', 0^i(Ci) • • • + z)--- piHCk + 
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k I 


... ReS5..„«r‘ ■ ■' CRest-o' '' Reso.off' ■ ■' C ■ 


r=l 5=1 


k I 


- 3 ) ■■■rKi - .. '(&)!)) 


n ■ ■ ■ c ■ 


r=l 5=1 


z)4>\ • • • 0^pl)) 


■p aP 


Thus 


^ ApRes5i=o ■ ■ ■ Res^,=oC ''' + z) ■ ■ ■ + z)v)) 

p=i 

= Z nn(-l)'*‘'"*'‘'\ReSi..„ ... Resc,.„Cr‘ ■ ■ ■ C ■ 

p=l r=l 5=1 

.R((e^I.v-(-l)',/_ 

1 k 

=n n(-i)'*‘'"^‘'R«c..o • ■ ■ Resc,.ocr‘ • ■ ■ c • 


r=l 5=1 


■R ( / (jy>^ (Cl - ^) • • • (0 - ^) ( £ 




,p=l 


= 0 , 

proving the lemma. 


From this lemma, we see that the vertex operator map ly is well dehned. We are now 
ready to formulate and prove the main result of this section. 

Theorem 3.5. Let V = U„gZ V^n) be a ^-graded vector space, 0* for i E I maps from 

to Hom(V, V), Ly(—1) an operator on V and 1 G V(o). Assume that they satisfy Conditions 
1-6. Then the triple (R, Fy,!) is a grading-restricted vertex algebra generated by 0hil for 
i E I. Moreover, this is the unigue grading-restricted vertex algebra structure on V with the 
vacuum 1 such that Y{(fA_p_, z) = (iL{z) for i E I. 

Proof. The vertex operator map Yy is clearly analytic. The grading-restriction axiom 
is by assumption satisfied. The L(—l)-bracket formula follows from Condition 1 and the 
dehnition of Yy. The identity property and the creation property also follow from of the 
dehnition of Yy. 

Let Ty( 0 )' be the adjoint operator of Ty( 0 ). For v' E V', v E V, R,...,4 G / and 
ni,..., nfc G Z, a G 

(t,', • e.l, 
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= Yv{<P:1^ • • • z)a-^-^%) 

= Resg,=o ■ ■ ■ Res^,=oer ' ■ ■ v', 0*^6 + ;^) • • • + z)a-^-^^^v)) 

= Res^,=o ■ ■ ■ Res^,=oer ''' CR((^', {^i + z) ■ ■ ■ + z)a-^-^^^v)) 

= Res^,=o ■ ■ ■Res4=oer^ ■ ^'^R{{v', + az) ■ ■ ■ (P^'^{a^k + az)v)) 

= Res^,=0 ■ ■ ■ ReS4=oCr' ' • • 0^l+-wt 4>^k-k-n^--n, . 

■R((u',0*i(Ci + az) ■ • + az)v)) 

= {v', yy(a^'^(°Vni • • • az)v)). 

This formula implies the L(0)-bracket formula. 

From Condition 2 and the dehnition of Yy, we obtain 

= |Lv(-i),n«'"«.i.^)]- 

From Property 8 and the dehnition of Ty, we obtain 

■ • -c*!. s) = n(iv'(-i)«. ■ ■ •«.!. *)■ 

Applying both sides of this formula to 1, taking the limit z ^ 0 and then using the creation 
property, we obtain 

Lv(-i)C‘. • ■ ■ <1 = ■ ■ ■ Ki,z)i. 

The L(—l)-derivative property is proved. 

Let {en}nez be a homogeneous basis of V and {e^jnez hs dual basis in V. Then we have 

(t.', n-(«... ■ < 1 . ■ ■ ■ < 1 . z^)v) 

nEZ 

= Resc,=o ■ ■ ■ Res4=oCr^ • ■ • CrResa=o ■ ■ ■ Res^,=oC^ ■'' iT ' 

nEZ 

+ zi) • + zi)en))R{{e'^,(j)^HCi + Z 2 ) ■ • + Z2)v)) 

= Resc,=o ■ ■ ■ Resa=oCr^ ■ • • CrResa=o ■ ■ ■ Res^,=oC^ ■'' C‘ ' 

■ ^ R(('^', 0 *HCi + zi) ■ ■■(p'HCk + zi)en})R((e'^, + Z2) ■ --(p^'Ui + ^2)^))- 

nEZ 

(3.8) 

By Condition 5, when \zi\ > ■ ■ ■ > \zk+i\ > 0, 

R{{v', (zi)--- (p^*= {zk)en))R{{e'^, 0 ^' {zk+i) ■ • • 0 ^' {zk+i)v)) 

nEZ 

= 0*'(2;i) • • • 0*H2;fc)en)(eJ,, (p^^{zk+i) ■ ■ ■ (iP\zk+i)v) 

u^Ia 

= (n',0*i(2;i) • • •0*'=(2;fc)0^H^fc+i)' ■ ■ (p^'{zk+i)v) (3.9) 
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is absolutely convergent to the rational function 


• ■ ■(j)"^{zk)(l)^^{zk+i) ■ ■ ■(j>’‘{zk+i)v)) (3.10) 

in zi,, Zk+h On the other hand, since the only possible poles of fl3.10p are Zi — Zj = 0 

for i ^ j and Zj = 0 , there is a unique expansion of such a rational function in the region 

|zi|,..., |zfc| > |zfc+i|,..., \zk+i\ > 0, Zi 7 ^ Zj fori ^ j, ij = 1,..., A; and i,j = k + 1,.. .,k + l 
such that each term is a product of two rational functions, one in zi,..., z^ and the other in 
Zfc+i,..., Zk+i. Since the left-hand side of fl3.9p is a series of the same form and is absolutely 
convergent in the region |zi| > • • • > |zfc+i| > 0 to fl3.10p . it must be absolutely convergent 
in the larger region |zi|,..., \zk\ > \zk+i\, ■ ■ ■, \zk+i\ > 0 , z* 7 ^ Zj for i ^ j, i, j = 1,... ,k and 
i, j = k + 1,..., k + I to fl3.10l) . 

Substituting zi for Zj for i = 1,..., A: and + Z 2 for Zk+j for j = 1,we see that 

R{{v', (j)^^ (Cl + C)*"(Cfc + zi)en))R{{e'^, + Z 2 ) ■ ■ ■ 0^'(Ci + Z 2 )v)) 

nGZ 

is absolutely convergent to 

C'*' (Cl + zi)--- 0 *'“ (Cfc + zi)(j>>^ (Cl + Z 2 ) • • • (Ci + 2 ^ 2 )^^)) 

when ICi + 2 :i|,..., iCfc + Zil > |Ci + ^ 2 |, • • •, |Ci + ^ 2 | > 0 , 0 7 ^ Cj for ij = l,...,k and C* 7 ^ Cj 
for i,j = 1,... ,1. When |zi| > |z 2 | > 0, we can always hnd sufficiently small neighborhood 
of 0 such that when Cn • • •) Ck, ■ ■ ■ ,^i are in this neighborhood, |Ci + zi|,..., |Cfc + zi| > 
iCi + Z 2 I,..., ICz + ^ 2 ! >0 holds. Thus we see that when |zi| > |z 2 | >0, the right-hand side 
of (13.811 is absolutely convergent to 

Resc,=o • • • Resc,=oCr^ • • • C?Res^,=o ■ ■ ■ Ress,=oCr^''' C*' 

■^((fo,0*HCi + zi) ■ • + ^ 2 ) • + Z2)v)). (3.11) 

This is a rational function in zi and Z 2 with the only possible poles at Zi, Z 2 = 0 and zi = Z 2 . 
In particular, the left-hand side of (13.8p . that is, 

(«', ■. .<1,3i)VV« • • ■ <1, ^ 2 ) 0 ). (3.12) 

is absolutely convergent in the region |zi| > |z 2 | > 0 to this rational function. 

We have proved the rationality of the product of two vertex operators. We are ready to 
prove the commutativity. The calculation above also shows that 

{v', yv(«. • • ■ < 1 . 22 )n-« ■ 3i)«) (3.13) 

is absolutely convergent to the rational function 

Res5,=o • • ■ Res^,=oCr^''' C'Resc,=o • • • Resc,=oCr^ • • • C?' 

■R((fo, + Z 2 ) ■ • •0^'(Cz + ^2)0 *HCi + Zl) ■ • + Zl)v)), 

(3.14) 
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in the regions \z 2 \ > |^i| > 0, respectively. By Property 11, the rational functions flS.lip and 
fUnill multiplied by 


k I 

nih-i) 




r=l s=l 




are equal. Thus fl3.12p and fl3.13p multiplied by the sign (—are abso¬ 
lutely convergent in the regions \zi\ > \z 2 \ >0 and \z 2 \ > \zi\ >0, respectively, to a common 
rational function with the only possible poles at zi = Z 2 , zi = Q and Z 2 = 0. 

We now prove the associativity. For ii,... ,ik, ji,..., ji G /, mi,... ,mi G Z, v G V and 
v' G V, using the expansion of ..., and the dehnition of Yy, we have 

(n', Yv{(t)^^{zi) • • • 

pi,...,Pfeez 

= ^ Resci=o • ■ ■ Res4=oCf' • • • CrRes^i=o ■ ■ ■ Resg,=oC ''' C* ' 

■R{{v',il>"{Ci + Zf ■ ■ ■.#>‘*(Cid + + 2) ■■ - ■ ■■2i'’*“‘. 

(3.15) 


We now expand 


R{{v', + z) ■ + z) ■ + z)v)) 

as a Laurent series /KCi, • • •, Cfc-i, 6 , • • •, 6 , in Cfc in the region |z|, |Ci|,..., |Cfc-i| > 

ICfcl > 161, • • •, 161, where fi{Ci ,... ,Cfc-i, 6 , • • • , 6,6 are rational functions in Ci,... ,Cfc-i, 6 , • • • ,6 
and z. Then in the region that the Laurent series expansion holds, we have 

Resc,=oCr ( XI 6 ( 6 , • • •, Cfc-i, 6 , • • •, 6 , ^)C 6 "M 

Pk& Kiel, / 

= X /p 6 Ci,---,Cfc-i, 6 ,---, 6 , 6 %^""^ 

= R{{v', + 6 • • + z)(f)^'"{zk + 2:)666 + 2 :) • • • 6 * (6 + 6 ^))- 

(3.16) 

Repeating this step for the variables Cfc-i, • • •, Ci, we see that the right-hand side of fl3.15|) is 
equal to the expansion of 

Res 5 i=o • • •Res 5 ,=oC • • 66^1 + ^)' •• 662 ^^ + 6666 + 6 ' ••666 + 6 ^)) (3.17) 

as a Laurent series in zi..., Zk in the region \z\ > \zi\ > ■ ■ ■ > \zk\ > 0. Thus the left- 
hand side of fl3.15p is absolutely convergent to fl3.17l) in the region for this Laurent series 


17 
















expansion. In particnlar, in the region \z\ > \zi\ > ■ ■ ■ > \zk\ > 0, 

W,Yv{4>"\zi) ■ ■ ■(t)^>‘{zkW^^ • • - z)n) 

= Resa=o---Res5,=oer---C'- 

+ z) ■ --^"^{zk + + z) ■ + z)v)). (3.18) 


Now we have 


{v', Yv{Yv{(f>ll^ ■ ■ ■ zi - Z 2 W^^ ■ ■ ■ (pii,!, Z 2 )v) 

= Yvien, Z2)v){e'^, Zi - ^ 2)^1 ''' 

nEZ 

= '^W, Yvicn, Z2)v)ReSt^^=o ■ ■ ■ Res4=oCr^''' C" ' 

nEZ 

■R((en:<(>‘'(Cl + - Z 2 ) ■ • - ^2)Ci • • (3-19) 

Bnt by fl3.18p . in the region \z 2 \ > \Ci + zi — Z 2 \ > ■ ■ ■ > |Cfc + zi — Z 2 j > 0, we have 

^(v', Yv(en, Z 2 )v)(e'^, 0 *'(Ci + zi - Z2) ■ ■ ■ f^((k + zi - ^2)^1 ''' 

nEZ 

= (v', Ry(0*HCl + Z 1 -Z 2 )--- f^iCk + Zi- Z2)0mi • • • ^ 2 )v) 

= Res5,=o---Res^,=oer---er- 

+ Zi) ■ • + Z 2 ) ■ + Z2)v)). 

(3.20) 

The right-hand side of 03.201) is a rational fnnction in ^ 1 ,..., zi and Z 2 with the only 
possible poles Ci~Cj = 0, for i 7 ^ j, 0 + = 0, C* + “ - 2^2 = 0 and Z 2 = 0. There is a nniqne 

expansion of snch a rational fnnction in the region |z 2 | > |Ci + — ^ 2 ], • • •, ICfc + - 2^1 ~ ^ 2 ! > 0 , 

Ci 7 ^ (j for i ^ j, i, j = 1,... ,k, snch that each term is a prodnct of two rational fnnctions, 
one in Z 2 and the other in ^ 1 ,..., Ca: and zi. Since 

'^W, Yvien, Z2)v)R{{e'^, + Zi - Z 2 ) ■ ■ ■ + zi - ^ 2)^1 ''' 

nEZ 

is a series of the same form and is eqnal to the left-hand side of O3.20p in the region I 22 I > 

I Cl + — ^ 2 ! > • • • > \C,k + Zi — Z 2 \ >0, it mnst be absolntely convergent to the right-hand 

side of O3.20p in the larger region \z 2 \ > |Ci + “ ^ 2 !, • • •, ICfc + — 2 : 2 ! >0. Thns we obtain 

^(n', lV(e„, Z2)v)R{{e'^, 0*i(Ci + Zi - Z 2 ) ■ ■ ■ C)*HCfc + - ^ 2)^1 ''' 0™*!)) 

nEZ 

= Res^,=o • • ■ Res^,=oC^''' C' ' 

■R((^^',<(>*'(Ci + 2:1) • • + zi)(ty>^{ii + Z2) ■ • •C )^*(6 + ^2)^^)) 

(3.21) 
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in the region \z2\ > |Ci + — 2:2!, • • •, |Cfc + — -22! > 0. Thus when \z2\ > \zi — Z2\ > 0, the 

right-hand side of 03.191) is absolutely convergent to 

Resc,=o • • • Resc,=oCr^ • • • ''' Res^*=oer^ ''' C' 

+ zi) ■ ■■(p'HCk + + Z2) ■ + 2 ^ 2 )^^)), 

(3.22) 

which is proved above to be equal to the left hand side of 03.81) in the region l^il > \z 2 \ > 0. 
The associativity is proved. 

To prove the uniqueness, we need only show that any grading-restricted vertex super¬ 
algebra structure on V with the vacuum 1 must have the vertex operator map dehned by 
03.7p . But this is clear from the motivation that we discussed before the dehnition 03.7p of 
the vertex operator map ly. ■ 

We call the grading-restricted vertex algebra given in Theorem 13.51 the grading-restricted 
vertex algebra generated by cjf, i & I. The maps 0*, i ^ I, are called the generating fields of 
the grading-restricted vertex algebra V. 

A consequence follows immediately from Proposition 13. 3l and Theorem 13. 5l is the following 
result: 

Corollary 3.6. Let V = U^gZ V(„) be a ^-graded vector space, 0* for i E I maps from to 

Hom(\7, V), Ly(—1) an operator on V and 1 G V(o). Assume that they satisfy Conditions 1-f 
and Property 12. Then the triple (C, ly,!) is a grading-restricted vertex algebra generated 
by 0*_il for i E I. Moreover, this is the unique grading-restricted vertex algebra structure on 
V with the vacuum 1 such that Y{(fL_il-,z) = clL{z) for i E I. ■ 

Remark 3.7. From the uniqueness part of Corollary 13.61 we see that the class of grading- 
restricted vertex algebras given in Corollary 13.61 is the same as the class given by Meurman 
and Prime in |MPj using a different construction. In particular, the two expressions for the 
vertex operator maps in the present paper and in |MPj must be equal. But the constructions 
are completely different. First, the dehnitions of vertex operator maps are different. As in 
all the other constructions of the second type (see the introduction of the present paper), 
the vertex operator map in |MP] is defined using the residue of xi in the Jacobi identity for 
vertex operator algebras. Our construction uses a completely different dehnition motivated 
by the associativity. Second, the proofs are necessarily different. As in most of the other 
constructions of the second type, the proof in |MP] is based on a result stating that if a 
generating held is local with two other helds (or satishes certain identities together with two 
other helds), then this held is also local with the helds generated by the other two helds (or 
satishes certain identities together with the helds generated by the other two helds). Our 
proof does not use and does not need to use such a result. 
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4 The second construction 


In this section, we give our second construction. It gives us a quasi-vertex operator algebra 
structure on the direct sum of a quasi-vertex operator algebra and a module satisfying 
suitable conditions. 

Let {V, Yv, 1, -Ly(l)) be a simple quasi-vertex operator algebra. Assume that I/-modules 
are all completely reducible and M-graded. Also assume that intertwining operators among 
I^-modules satisfy the associativity property, that is, for I/-modules Wi, ..., W5 and inter¬ 
twining operators and 3^2 of types and respectively, there exist a Id-module 

Wq and intertwining operators 3^3 and 3^4 of types and , respectively, such that 

for ZC 4 e W 4 , Wi E Wi, W2 E W2 and W3 E W3, 

Zi)y 2 iw 2 , Z 2 )W 3 ) = 3^3(>’4(tyi, 2^1 “ 22 )^ 2 , 22 )^ 3 ) (4.1) 

when l^il > 12 : 2 ! > 1— 2 : 2 1 >0. See iHa for conditions on V such that this associativity 
holds. 

For simplicity, when | 2 :i| > \z 2 \ > 0, we use yi(wi, Zi)y 2 (w 2 , Z 2 ) to also denote the 
element of IIom(IF 3 , VF 4 ) obtained from the sum of the series (W 4 , 3 ^i(tci, 2 ;i) 3 ^ 2 ('W^ 2 , 22 )^ 3 ) 
for w' 4 ^ E IF 4 and W3 E W3. Similarly, when | 2 ; 2 | > \zi — 22 ! > 0, we have an element 
3 ^ 3 ( 3 ^ 4 («^ i , - Z 2 )W 2 ,Z 2 ) E Hom(IF 3 , IF 4 ). Then when | 2 i| > I 22 I > | 2 i - 22 ] > 0, (|4.ip for 

all rc 4 E hF 4 and W3 E W3 can be written as 

yi{wi, 2 i ) 3 ^ 2 ( w 2 , Z 2 ) = 3 ^ 3 ( 3 ^ 4 ( w ^ 1 , 2^1 - Z 2 )W 2 , Z 2 ). 


We shall also say that 


defined on | 2 i| > I 22 I >0 and 


yi{wi,Zi)y2{w2,Z2) 


ysiy^iwi, 2i - Z2)W2, 22) 

defined on \z 2 \ > 1 21 — 22 ] >0 are analytic extensions of each other. We shall use also the 
similar notations and terminology below for other similar expressions and equalities. 

Let (VF, IV, Li 4 /( 1 )) be an irreducible F-module. Assume that W is graded either by Z 
or by Z -|- 1. Also assume that for any irreducible F-module {M,Ym, Lm{^)), the fusion 
rule = 1 when M is equivalent to V and = 0 when M is not equivalent to V. 

Assume in addition that there exist nondegenerate symmetric invariant bilinear forms (•, Ov 
and (•, Ow on V and W, respectively. 

Let Ve = V (B W. We shall identify V and W with the corresponding subspaces of I 4 so 
that V and W become subspaces of 14- We define a vertex operator map 

Fy, : ^ Hom(W ® W,Fe) 

2 ^ Yv,{-,z)- 
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by 


YvXu,z)v 

Yv^{u,z)w 

YvSw,z)v 

Yv^{wi,z)w2 


Yy{u,z)v, u,veV, 

Yw{u, z)w, u & V,w E W, 
Y^y{w,z)v, veV,weW, 
Ywwi^l^ ^)^2, UJi,W2e W, 


where Y^y and Y^yr are intertwining operators of types (^) and respectively, 

constructed in [FHL] . We recall their dehnitions: 

Y^y{w, z)v = e^^'^^~^'>Yw{v, -z)w 


ioT V E V and w E W and 

{v, Y^y,iw^, z)w 2 )v = z-^)v, W 2 )w, (4.2) 

ioT V eV and Wi,W 2 E W, where i = \/—l. Note that in (I4.2p . since W is graded by Z or 
Z + 4, is well dehned and involves only integer powers of z. From (14.2p . we also 

have 

{W 2 , Y^y{wY z)v)w = v)v. (4.3) 

Since Y^y and Y^y^ are intertwining operators, they satisfy the L(0)-conjugation formula. 

Let ly-g = Iv- Let Ly^(O), Lvg(—1), Lv^(l) : 14 ^ K be the operators that act as 
Ly(0), Ly(—1), Ly(l), respectively, on V and as Liy(O), Liy(—1), Liy(1 ), respectively, on 
W. 

Here is our second construction theorem: 

Theorem 4.1. The triple (14, ly,; 4^Ve(l)) ® quasi-vertex operator algebra if W is 

graded by Z and is a quasi-vertex operator superalgebra ifW is graded by ^ + Z. In the case 
that V has a conformal element uy, 14 also has a conformal element wy. = uy- 

Proof. We hrst prove the skew-symmetry. For u,v E V and w G W, the skew-symmetry 

Fy (m, z)v = -z)u 


and 

YyXu, z)w = -z)u 

follow from either the skew-symmetry for the vertex operator algebra V or the dehnition of 
Y^v{w,z)u. 

We now prove the skew-symmetry 


Yy^{wi, z)w2 = eye^-^'^4 ^)Yy^{w2, -z)wi 


(4.4) 


21 








for Wi,W 2 G W, where is 1 if VF is graded by Z and is —1 if IF is graded by Z + By 
definition, for m G F and Wi,W 2 G W, 

{u,Yv,{wi,z)w2)v 

= z-^)u, W 2 )w 

= (4 5 ) 

Using the fact that the adjoint operator of Ly/{n) is Lw^—n) for n = —1,0,1, the invariance 
of the bilinear form on V and the dehnitions of Y^y and Fiy^, fl4.3p . the right-hand side of 
fl4.5p is equal to 

(4.6) 


Since the weight of Ly(—1) is 1, we have 

^_^2^Lv(0)g-2:“iLv(-l) _ g^Lvi-1) (^_^2'^Lv{0) 

— ^^Lv{—l)^2Lvi0)^—T7iLv{0) 


Using this formulas, the L(0)-conjugation formula for and the fact that e 
we see that the right-hand side of fl4.6l) is equal to 

{ewe''^^^~^''Y^y,{w 2 , -z)wi,u)v 

= -z)wyu)v 

= {u, -z)wi)v, (4.7) 

proving the skew-symmetry fl4.4l) and thus the skew-symmetry for Yy^ holds. 

Next we prove the associativity. The associativity properties for the vertex operator 
maps Yy and IV give the associativity 


Yy^{u, Zi)Yy^(v, Z2) = Yy^(Yy^(u, Zi - Z 2 )v, Z2) 

for u,v E V when \zi\ > \z 2 \ > \zi — Z 2 \ > 0. From jFHL] . we obtain the following 
associativity properties 

IV (m, Zi)Yv^iwi, Z2)W2 = 1V(1V(m, 2:1 - Z2)wi, Z2)W2, 

YyXwi, Zi)YyXu, Z2)W2 = Yy^Yv^Wl, Zi - Z2)u, Z2)W2, 

V4(Wi, Zi)YvSw2, Z2)u = 1V(V4(Wi, 2:1 - Z2)W2, Z2)u 

for w G U and Wi,W 2 G fF when l^il > \z 2 \ > \zi — Z 2 \ > 0. 
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We still need to prove the associativity 

YvSwi, Zi)YvSw 2, Z2)W‘i = YvXYvX'^1^ - Z2)W2, Z2)W3 

for Wi,W 2 ,W 3 G W when \zi\ > \z 2 \ > \zi — ^ 2 ! > 0. By dehnition, 

Yv,{wi, Zi)Yv,{w 2, Z2)W3 = Y^y{wi, Zi)Y-^^{w2, Z2)w3. 

By assumption, the associativity property for intertwining operators for the quasi-vertex 
operator algebra V holds. In particular, there exist a Id-module M and intertwining operators 
W and 3^2 of types and , respectively, such that 

Zi)Y^yr{w2, Z2)W3 = yi(3^2(wi, Zi - ^ 2 )^ 2 , Z2)w3 

when \zi\ > \z 2 \ > \zi — Z 2 \ >0. By assumption, M is equivalent to a direct sum of irreducible 
Id-modules and the fusion rule = 1 when M is equivalent to Id and = 0 when M 

is not equivalent to Id. Then we see that M must be equivalent to Id and 3^2 is proportional 
to Y^yr after we identify M with Id. On the other hand, it is a general fact that the fusion 
rule Nyy^ is 1 (see |FHL] ). In particular, 3^i is proportional to y^(tci,zi). Thus there 
exists A G C such that 

Z2)W3 = XYyyy{Yyyy^{Wl, Zl — Z2)W2, ^2)'?^3 (^-S) 

when \zi\ > \z 2 \ > 1^1 — 2:21 > 0. From the genus-zero Moore-Seiberg equations (see [MS] 
and |H3j ). one can show that A = 1 and thus the associativity property is proved. Since the 
proof in this case is easy, to make our proof self contained, here we give a direct proof that 
A = 1. 

Note that we have proved the skew-symmetry 

Y]y]^{wi, z)w2 = ^ '^Yyr-\y{w2, z)wi ( 4 - 9 ) 

for wi,W 2 G W, where ew is -l-l if W is graded by Z and is —1 if W is graded by Z -|- i. We 
shall use ~ to mean that two expressions are analytic extensions of each other. Then for 
Wi,W 2 ,W 3 G W, using the associativity fld.Sp and the dehnition of Y^y, we have 

Yyrvi'^l^ Z2)W3 

~ XYwiY^wi'>J^l^ - Z 2 )w 2 , Z2)w3 

~ Xe^^^^~^'^Y^y{w3, -Z2)Y^y,{wi, Zi - Z2)w2 

~ -Zi)wy Zi - Z 2 )w 2 . (4.10) 

On the other hand, using fld.Sp and fld.Op . we have 

Y-^v('Wi, Zi)Y-^yy{w 2 , Z2)w3 

~ ^wYwvi'>^i7 -Z 2 )w 2 

~ ewe''^^^~^'^Y^y{wi, zi - Z2)Y^yy{w3, -Z2)w2 

~ €wXe''^^^~^^Yw{Y^wi'<^l^ -Z 2 )W 2 

~ elyXe''^^^~^'>Yw{e^^^^~^'’Y^yr{w 3 , -Zi)wi, -Z 2 )w 2 
~ Xe^^^‘'~^^YwiY^wi'^3, -zi)wi, zi - Z 2 )w 2 . (4.11) 
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Since both the right-hand sides of (14.101) and (14.lip are dehned on the same region and they 
are analytic extensions of each other, they must be equal on the region that they are dehned. 
Thus A = 1. 

Note that the skew-symmetry (14.4|) has a sign ew- Since satishes the associativity 
and skew-symmetry, from IHai, it also satishes the commutativity for quasi-vertex operator 
algebras when W is graded by Z and satishes the commutativity for quasi-vertex operator 
superalgebras when W is graded by Z -|- i. Since involves only integer powers of the 
variable, the rationality for products and iterates also hold (see also [H3] h The other axioms 
for grading-restricted vertex operator (super)algebras can be easily verihed. Thus we have 
proved that (Vy^, Yy^, ly^, Ly^(l)) is a quasi-vertex operator algebra when IV is graded by Z 
and is a quasi-vertex operator superalgebra when W is graded by Z -|- i. ■ 


Example 4.2. As is mentioned above, this second construction is in fact a generalization 
of the construction of the moonshine module vertex operator algebra and the corresponding 
vertex operator superalgebra in IHB. In fact, take V to be the hxed point vertex operator 
subalgebra of the Leech lattice vertex operator algebra Va under the automorphism 
induced from the automorphism a i—)■ —a of the Leech lattice A. Take W to be the hxed 
point V(Y*“-submodule (V^)’*' of the irreducible twisted VA-module Then the conditions to 
use Theorem 14.II are satished. By Theorem 14.11 and the fact that has a conformal element, 
the moonshine module © (V^)’*' has a structure of vertex operator algebra for which 

the vertex operator map, the vacuum and the conformal element are given above. If we take 
V to be the same and W to be the eigenspace (V^)~ for the action of the automorphism 
above on with the eigenvalue —1. Then © {y1)~ has a structure of vertex operator 
superalgebra given above. See [FLM] . [Hi] and ra for the background material that can 
be used to verify the conditions to use Theorem 14.11 

Example 4.3. Another application is a construction of the vertex operator superalgebra 
structure on the direct sum L(|,0) © L(i, i) of the vertex operator algebra L(i,0) for the 
minimal model of central charge ^ and the L(i, 0)-module L(|, |) of lowest weight The 
conditions to use Theorem |4.1| are satished bv the results obtained in [W] and |H4] or pg. 
Thus L(i,0) © L(|, i) has a structure of vertex operator superalgebra given above. After 
tensoring the vertex operator algebra L(i,0) © L(|, |) with the vertex operator algebra 
associated to the lattice of rank 1 generated by a satisfying {a, a) = m G 2Z+, we obtain 
the vertex operator superalgebra for the Moore-Read state with the hlling factors z/ = ^ in 
the conformal-held-theoretic study of fractional quantum Hall states. We refer the reader to 
[H9] for details on these examples. 
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